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BUCKLING OF THE INITIAL IMPERFECT 
RECTANGULAR THIN PLATE WITH VARIABLE 
THICKNESS 
NGUYEN THI HIEN LUONG AND DANG THUY MINH TUONG 
Department of Civil Engineering, University of Technology of Ho Chi Minh City 
Abstract. This paper analyzes the stability of the rectangular thin plate with sinusoidal 
changes in the plate thickness combined with initial curvature based on the large deflection 
theory. The buckling load for simply supported plates is defined using the energy method. 
The influence of the thickness variation parameter and the initial curvature parameter on 
the crit ical loads is investigated . 
1. INTRODUCTION 
Plates and shells as structural elements are seldom perfectly fl.at and of uniform thick-
ness and the amount of init ial curvature and variable thickness can affect the load-carrying 
capacity of structures. Recently, the problem of the influence of the thickness variation 
and the initial curvature on the buckling load has been researched by several authors, such 
as Timoshenko [1], Elishakoff et al [2], Zhiming [3], Yeh et al [4], Mateus et al [5], Nguyen 
and Tran [6], Ciancio [7]. 
In this paper, based on the theory of plates of large deflection, the stability study of 
imperfect rectangular thin plates with initial curvature and variable thickness is a ma-
jor object. The energy method is used to determine the critical load factor of plates 
with variable thickness combined with initial deflection. The influence of the thickness 
non-uniformity parameter and the initial curvature parameter to the buckling load is in-
vestigated. General asymptotic formulae for the buckling load are derived and numerical 
results are investigated for compressive plates with the simply supported boundary con-
dition (Fig. 1). 
2. ENERGY APPROACH 
This section aims at the study of the combined effect of thickness variation and initial 
imperfection on the buckling behavior of the rectangular thin plate. The simplest approach 
to the problem is a direct discussion of t he energy criterion of elastic stability by means of 
the second variation of the potential energy. The energy method permits us to determine 
the buckling load of imperfect plates with variable thickness, as illustrated in [2]. Here, 
we consider the small thickness variation, and as a first approximation, only the terms up 
to the first order of thickness variation parameter are retained. The final product of this 
discussion is an equation that relates the variation parameter and the initial imperfection 
amplitude to the buckling load factor for the plate. 
We assume that the displacement in the fundamental state is uo(O, 0, wo). 
The init ial deflection is defined as 
. (q7rX) 
wo = -µhosm a ' (2 .1) 
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F i g .  2 .  E x p r e s s i o n  g r a p h  o f  t h i c k n e s s  
v a r i a t i o n  h ( x ) w h e n  €  =  0 . 1  
w i t h  µ  i s  t h e  n o n - d i m e n s i o n a l  p a r a m e t e r  d e s c r i b i n g  t h e  m a g n i t u d e  o f  t h e  i m p e r f e c t i o n ;  q  
i s  t h e  w a v e  n u m b e r  o f  t h e  i n i t i a l  c u r v a t u r e  f u n c t i o n .  
W e  a s s u m e  t h a t  t h e  p l a t e  t h i c k n e s s  h  h e r e  i s  v a r y i n g  w i t h  s i n e  f u n c t i o n  i n  x  d i r e c t i o n :  
(  
p 7 r X )  
h  (  x )  =  h o  1  - €  s i n  - - - ; ; : - - ,  €  2 ' .  0 ,  
( 2 . 2 )  
w h e r e  h o  i s  t h e  p l a t e  c o n s t a n t  t h i c k n e s s  a n d  E ,  p  a r e  t h e  n o n - d i m e n s i o n a l  p a r a m e t e r s  
i n d i c a t i n g  t h e  m a g n i t u d e  a n d  w a v e  o f  t h e  t h i c k n e s s  v a r i a t i o n ,  r e s p e c t i v e l y .  W h e n  x  =  0  
a n d  x  = a ,  o n e  h a s  h ( x )  = h o ,  f o r  t h e  c a s e  x  =  a / 2 :  o n e  h a s  h ( x )  =  h o ( l - E )  ( F i g .  2 ) .  T h e  
t h i c k n e s s  p a r a m e t e r  c  i s  p o s i t i v e  i n  o r d e r  t o  a c h i e v e  a  d e t r i m e n t a l  e f f e c t  b y  a  " t h i n n i n g "  
o f  t h e  w a l l  t h i c k n e s s .  T h e  p a r a m e t e r s € , µ  v a r y  f r o m  z e r o  t o  0 . 2 .  
A  d e f l e c t i o n  f r o m  t h e  f u n d a m e n t a l  p r e - b u c k l i n g  s t a t e  i s  d e s c r i b e d  b y  : g _ ( u ,  v ,  w ) .  
M e m b r a n e  s t r a i n  e n e r g y  o f  t h e  r e c t a n g u l a r  t h i n  p l a t e  i s :  
b  a  
Um = ~ j  j  ( N x c x  +  N y c y  +  N x y r x y )  d x d y  =  
0  0  
b  a  
=  2 ( l  ~ v 2 )  f f  h  (  c ;  +  t~ +  2 v E x E y  +  ~(1 - v ) r ; y )  d x d y .  
0  0  
B e n d i n g  s t r a i n  e n e r g y  r e a d s  
b  a  {  2  [  2 ]  }  









u b  =  2  j  j  D ( x , y )  ( a x 2  +  a y 2 )  - 2 ( 1 - v )  a x 2  a y 2  - ( a x a y )  d x d y .  
0  0  
( 2 . 3 )  
( 2 . 4 )  
F o r  t h e  r e c t a n g u l a r  t h i n  p l a t e  u n d e r  c o m p r e s s i o n  l o a d  N ,  t h e  p o t e n t i a l  e n e r g y  o f  t h e  
a p p l i e d  l o a d  t a k e s  t h e  f o r m  




D = - - N  - + - d x d y ,  
2  a x  a x  
( 2 . 5 )  
0  0  
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where wo is the geometric initial imperfection. 
Thus, the total potential energy reads 
(2.6) 
In the case of large deflection, the strain - displacement increments relations are of the 
forms [1], [2] : 
au 1 (aw) 2 
Ex = OX + 2 OX ; av 1 (aw) 
2 
Ey = Dy+ 2 Dy ; 
OU av aw aw 
/xy = 8y +OX+ OX 8y' (2.7) 
where u, v are the displacements in x and y directions, w is the deflection, positive outward; 
Ex , Ey and /xy are strain components . 
Substituting Eq. (2 .7) into Eq. (2 .3) and Eqs . (2 .3) - (2.5) into Eq. (2.6), we obtain the 
energy expression in the general anisotropic case: 
b a { [ 2] 2 [ 2] [ 2] 1 au 1 aw au 1 ow av 1 aw II =-/ J Au - + - (-) + 2A12 - + - (-) - + - (-) + 2 ox 2 ox ox 2 ox 8y 2 8y 
0 0 
[ 
2] 2 2 2 av 1 aw au av ow ow a2w 
+ A22 - + - (-) + A55 [- + - + --] +Du(-) + 8y 2 ay ay ax ax 8y 8x2 
a2w a2w (a2w) 
2 
( a2w ) 2 (aw aw0 ) 2} 
+ 2D12 ox2 oy2 + D22 oy2 + D55 oxoy - N ox + ox dxdy . 
(2.8) 
In the isotropic case, expression (2.8) is the total potential energy with: 
Eh 1-v 
An = A22 = l _ v2 ; A12 = vAn; A55 = - 2-An; A15 = A26 = 0, 
Eh3 
Dn = D22 = 12(1 _ v2); D12 = vDn; D66 = 2(1 - v)Dn; D15 = D25 = 0, 
and v is Poisson's ratio, E is the modulus of elasticity. 
The energy variation is performed at the fundamental pre-buckling state ([2]). Reject-
ing the fourth variation of the potential energy from expression (2.8) , one obtains: 
II= Pn [uo , u] + P2 [u] + P3 [u], (2 .9) 
where the bilinear term Pn [uo, u] due to the geometric initial imperfection is given by: 
b a 
cr f J awdwo Pu [u0 , u] = - N ox dx dxdy. (2.10) 
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I n  e x p r e s s i o n  ( 2 . 9 ) ,  P 2  [ u ]  i s  t h e  s e c o n d  ( q u a d r a t i c )  v a r i a t i o n  o f  t h e  e n e r g y  f o r  b u c k l i n g  
m o d e s :  
1  8 u  8 u 8 v  8 v  
b  a  [  2  2  
P 2  [ u ]  =  
2  
j  j  A u  ( a x )  +  2 A 1 2 o x o y  +  A 2 2  ( a y )  +  
0  0  
(  








w  E P w  
+  A 6 6  o y  +  o x  +  D u  f J x 2  +  2 D 1 2  8 x 2  f J y 2  +  
(  
3 2  )  
2  
(  3 2  )  
2  
(  8  )  2 ]  
+  D 2 2  oy~ +  D 5 5  o x ; y  - N c r  a :  .  d x d y ,  
a n d  P
3  
[ u ]  i s  t h e  t h i r d  v a r i a t i o n  o f  t h e  e n e r g y :  
b  a  {  2  [  2  2 ]  
1  8 u  o w  8 u  o w  8 v  o w  
P 3  [ u ]  =  - j  j  A u - ( - )  +  A 1 2  - ( - )  +  - ( - )  
2  a x  a x  a x  o y  o y  a x  
0  0  
8 v  ( o w )  
2  
(  8 u  8 v )  o w  o w  }  
+  A 2 2  o y  o y  +  2 A 6 6  o y  + a x  a x  o y  d x d y .  
( 2 . 1 1 )  
( 2 . 1 2 )  
I f  t h e  r e c t a n g u l a r  p l a t e  i s  s i m p l y  s u p p o r t e d  a r o u n d  t h e  p e r i p h e r y  a n d  e d g e s  a r e  i m -
m o v a b l e  i n  t h e  p l a n e  o f  p l a t e ,  t h e n  t h e  b o u n d a r y  c o n d i t i o n s  a r e :  
W  =  W , x x  =  W , y y  = 0  
a t  
x  = 0 , a ;  y  =  O , b  
u  = 0  
a  
y  =  O , b  
( 2 . 1 3 )  
a t  
x = 0 ,
2
, a ;  
b  
v  = 0  
a t  
x  =  O , a ;  
y  =  0 ,  2 '  b .  
I n  a p p l y i n g  t h e  e n e r g y  m e t h o d ,  w e  m u s t  a s s u m e  s u i t a b l e  e x p r e s s i o n s  f o r  t h e  d i s p l a c e -
m e n t s  u ,  v ,  w .  T h e  p r o p o s e d  d i s p l a c e m e n t  f u n c t i o n s  c h o s e n  f o r  t h i s  c a s e  a r e  g i v e n  b y  t h e  
f o l l o w i n g  s e r i e s :  
.  ( q n x )  .  ( m n x )  ( n n y )  
w  =  b o h o  s m  - - - ; ; : - - + C m  h o  s m  - a - s i n  - b - ,  
.  ( 2 m n x )  .  ( n n y )  
u  =  Q m C m h o s m  - a- s m  - b - ,  
.  ( m n x )  .  ( 2 m r y )  
v  =  K m C m h o  s m  - a - s m  - b- ,  
( 2 . 1 4 )  
w h e r e  b o ,  K m ,  C m  a n d  Q m  a r e  c o n s t a n t s ;  m ,  n  a r e  t h e  w a v e  n u m b e r s  o f  t h e  b u c k l i n g  m o d e  
i n  t h e  x  a n d  y  d i r e c t i o n s  o f  t h i n  p l a t e ,  m ,  n ,  q  =  1 ,  3 ,  5 ,  . . .  
F r o m  t h e  c o n d i t i o n  o f  m i n i m u m  o f  t o t a l  e n e r g y ,  o n e  o b t a i n s :  
a r r =  o ,  
8 b o  
a r r  =  o ,  
8 C m  
( 2 . 1 5 )  
( 2 . 1 6 )  
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arr 
8Qm = O, (2.17) 
arr 
8Km = O. (2.18) 
Consider the following normalization: 
(2 .19) 
where ,\ is the non-dimensional buckling load factor, N0 is the buckling load of the 
rectangular plate with µ = 0, c: = O; Ncr is the buckling load of the rectangular thin plate 
with the variable thickness and the initial curvature c: i- 0, µ i- 0. 
Substituting the solution Cm = 0 of equation (2.16) into equation (2.15), we determine 
bo. If Cm i- 0, from equation (2.17) and (2.18), we can determine Qm and Km. 
Substitution bo, Km, Qm into equation (2 .16) leads to the equation expressed the 
relation between the initial curvature amplitude µ , the variable thickness parameter c: and 
the buckling load factor ,\: 
F(µ, c:, ,\) = 0. (2 .30) 
Solving the equation (2.30) , one can determine the buckling load factor Amin. 
3. DETERMINATION OF THE BUCKLING LOAD FACTOR 
When the rectangular plate is simply supported, the number of sine-half-waves in series 
functions can be chosen as: m = n = p = 1, q = 3 and we obtain: w0 = - µh0 sin ( 
3:x) and 
h( x) = ho ( 1 - c: sin 1faX) 
w =boho sin ( 3:x) + Cmho sin (1fax) sin (7r:), 
. (27rX \ . (1rY) 
u =QmCmho sm ----;;:- ) sm b , (3.1) 
. (1fX) (27ry) v =KmCmho sm --;;:- sin -b- . 
a 
In the case of square plate: r = b = 1 and v = 0.3, substituting Eqs. (2.10)- (2.12) 
into the second and third variations, we obtain, after retaining only the first-order terms 
in c: , • 
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7 f  E h
0  
-
5 4 6  
7 f  E h
0
K m E  -
3 9  
7 f  E h
0
Q m E  -
9 5  3  4 3 5  2  3  2  5 5  3  5  8 0  3  
-
2 7 3  
7 f  E h o K m Q m E :  +  
7 2 8  




7 f  E h
0




K m Q m -
-~ 2 h 2  N c r )  c 2  (  6 7 5  4 E h 5  - ~ 2 h 2  N c r  - 7 2 9 0  3  E h 5  )  b 2  
8  7 f  O  m  +  3 6 4 b
2  
7 f  O  4  7 f  O  6 3 7 b
2  
7 f  o c  O  '  




b o  




~ ( 1 2 4 7 4 0 7 r
2
Q m  +  5 0 4 0 7 r K m c  - 1 0 0 2 2 4 7 r Q m c  - 1 6 1 2 8 K m ) .  
F r o m  E q s .  ( 2 . 1 5 ) ,  ( 2 . 1 6 ) ,  ( 2 . 1 7 )  a n d  ( 2 . 1 8 ) ,  o n e  o b t a i n s :  
6 3 7 µ b
2
N c r  
b o  - - - - - - - : : - - - . , , - - - - - = - - - - - - - - - , , - - -
- 5 2 5 7 f
2  
E h 5  - 6 3 7 b
2  
N c r  - 3 2 4 0 7 f  E h 5 c '  
K  _  _  1 0 8 7 f
2
h o b o ( 1 8 7 4 2 5 7 r
2
c  - 6 7 3 6 8 0 7 f  +  6 2 0 5 4 4 c  - 1 7 5 3 6 0 7 r c
2
)  




+  1 8 9 6 9 6 0 7 f c  - 3 4 6 1 1 2 0  - 1 3 6 3 3 5 9 6 7 r 3 c  +  3 0 6 5 4 4 5 7 r 4 ) '  




- 2_18?24-~c - 9 1 2 3 7 3 2 7 r
3
_ :  +  2 7 1 3 0 9 5 7 r
4
:  . .  
W h e n  E :  =  0  a n d µ =  0 ,  N
0  
i s  d e t e r m i n e d  a s  f o l l o w s :  
N f f  =  1 0 0 7 r 2 E h 5  
2 7 3  - b - 2  -
( 3 . 2 )  
( 3 . 3 )  
( 3 . 4 )  
W e  r e c e i v e  t h e  s a m e  f o r m u l a  f o r  a  s i m p l y  s u p p o r t e d  s q u a r e  p l a t e  w i t h  c o n s t a n t  t h i c k -
n e s s  a n d  v  =  0 . 3  i n  [ 1 ]  a n d  [ 6 ] :  
N . c r  =  7 r
2  
D  (~ ! ! _ )  
2  
=  7 r
2  
D  ( l  l )
2  
=  4 7 r
2  
E h 6  =  1 0 0  7 r
2  
E h 6  
0  
b 2  b  +  a  b
2  
+  1 2 b
2
( 1  - v
2
)  2 7 3  b
2  
W h e n  E :  = f  0  a n d  µ  = f  0 ,  w e  h a v e  t h e  r e l a t i o n  b e t w e e n  , \ ,  c  a n d  µ :  
- 1 2 4 . 7 4 c
5  
- 1 1 5 . 8 2 > . c
4  
+  5 4 8 . 3 3 c
4  
+  4 5 2 . 1 2 > . c
3  






- 8 8 9 . 8 8 c
3  








- 6 0 3 . 7 9 > . c
2  
+  6 6 7 . 5 5 c
2  










( 3 . 5 )  
+  8 . 8 1 8 9 > -
3




+  3 2 2 . 8 > - c  - 2 3 5 . 2 8 c  - 1 1 6 . 8 3 > -
2
c  +  3 1 . 6 1 7  
- 5 9 . 7 2 , \  +  3 4 . 3 4 9 > .
2  




- 6 . 2 4 6 > .
3  
=  0 .  
4 .  A N A L Y S I S  A N D  D I S C U S S I O N  
I n  o r d e r  t o  i n v e s t i g a t e  t h e  v a r i a t i o n  o f  t h e  b u c k l i n g  l o a d  f o r  t h e  p l a t e  d u e  t o  t h e  s m a l l  
t h i c k n e s s  v a r i a t i o n  a n d  t h e  i n i t i a l  c u r v a t u r e ,  t h e  i n f l u e n c e  o f  t h e  t h i c k n e s s  p a r a m e t e r  c  
a n d  t h e  i n i t i a l  c u r v a t u r e  p a r a m e t e r  µ  i s  s t u d i e d .  T h e  f o l l o w i n g  f i g u r e s  a r e  p r e s e n t e d  f o r  
s q u a r e  p l a t e s  ( r  =  1 )  w i t h  v  =  0 . 3 .  
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From Eq. (3 .5) , the relationship between,\ andµ is shown in Fig. 3 for different values 
of E, the relationship between ,\ and E is shown in Fig. 4 for different values ofµ . The 
combined effect of the thickness variation and the initial imperfection on the buckling load 
is illustrated in Fig. 5. 
The results obtained show that , when the initial imperfection is present, the com-
bination of the initial imperfection and the thickness variation reduces the buckling load 
factor even more drastically. When the amplitude of the thickness variation and the initial 
imperfection amplitude are E = 0.1 , µ = 0.2 , the buckling load factor of plate is reduced 
by 28.23 . If the effect of thickness variation is not considered, the buckling load factor 
of plate is reduced by 8.23 for µ = 0.2 from its counterpart of the case with constant 
thickness. In this case, when E: = 0.2 , µ = 0.2, the buckling load factor ,\ decreases up to 
48.53 . 
1~~~ • • • ~.;--:-. -.-.-. ---;==. =~-o=.oo::;ol 
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5. CONCLUSION 
In this paper, the energy expressions for imperfect plates have been given in the case of 
large deflection. Based on these expressions, a detailed study of the imperfect rectangular 
thin plate with thickness varying along the x-axes with sine functions has been presented. 
The formulae for the buckling load have been derived using the energy method. 
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